We study the Josephson effect through a magnetic molecule with anisotropic properties. Performing calculations in the tunneling regime, we show that the exchange coupling between the electron spin on the molecule and the molecular spin can trigger a transition from the π state to the 0 state, and we study how the spin anisotropy affects this transition. We show that the behavior of the critical current as a function of an external magnetic field can give access to valuable information about the spin anisotropy of the molecule.
I. INTRODUCTION

The Josephson effect
1,2 is a striking manifestation of many body physics and macroscopic quantum coherence in condensed matter systems. While early investigations concerned mainly bulk superconducting junctions separated by an insulating barrier, in the last decades it has become a very active field of study in the context of mesoscopic physics. Indeed the insulating barrier can be replaced by a conductor or a nano-device that can be as small as a quantum dot or a single molecule. In this sense the study of the Josephson current can provide a novel way to investigate the electronic properties of the nano-object, which is sandwiched between the superconducting electrodes. More than a decade ago, it was predicted using the Krein theorem [3] [4] [5] that when a singly occupied quantum dot in the Coulomb blockade regime is inserted between the superconductors, the Josephson current phase relation acquires a π shift, i.e., the critical current has the opposite sign from that of a tunnel junction. A phase diagram of the π-0 phase transition was derived later on for contacts with arbitrary transparency using a combination of Hubbard-Stratonovich and saddlepoint approximation.
6 Experimentally (for nanoscale devices) it was measured in superconductor-nanotubesuperconductor systems. 7 This picture gets more complicated when the Kondo temperature is lower than the superconducting gap: a 0-junction state is restored, 8, 9 albeit with a different current phase relationship.
In recent years theoretical and experimental studies have addressed transport geometries where a moleculeartificial or otherwise -is inserted between two electrodes. [10] [11] [12] [13] [14] [15] This goes one step beyond the study of transport through quantum dots because the molecule has internal degrees of freedom (such as vibrations and possibly spin). On the one hand, such degrees of freedom have an effect on the electronic current, on the other hand, the current itself can be considered as a probe of the inherent mechanisms of the molecule.
A subfield of molecular electronics is called molecular spintronics: it focuses on molecules which have an intrinsic spin, 16, 17 and it is expected that electron transfer through the molecule can trigger changes in the molecule spin because of the existence of an exchange coupling with the electron spin. Such molecules (such as a buckminsterfullerene doped with a magnetic atom) may have an isotropic spin, or otherwise the spin may have a preferred direction due to the crystalline structure of the molecule (this is the case of Mn 12 acetate). Recently, there have been some efforts to describe and measure transport through molecular spintronics devices with normal metal or ferromagnetic leads, [18] [19] [20] [21] with an emphasis on master equations approach on the theoretical side. Nevertheless, efforts in the field of molecular spintronics with superconducting electrodes are still at their beginning stage.
A recent theoretical work focused on the Josephson current through an isotropic magnetic molecule, via perturbative calculations in the tunneling Hamiltonian as well as numerical renormalization group calculations. It allowed us to draw a complete phase diagram of the π-0 phase transition. An equivalent study of supercurrent through molecules which have an anisotropic spin, which magnetization can tunnel, and which are subject to a (weak) external magnetic field is still lacking. This is precisely the focus of the present work. One of the challenges of this work is that we have to deal with a large number of parameters: the exchange coupling J between the dot electron spin and the molecule spin, the anisotropy constant D, and the coefficient B 2 for quantum tunneling of magnetization of the molecule, the dependence on external magnetic field B as well as the dot level ǫ d , which can be adjusted by a gate voltage. Note that it is now experimentally possible to manipulate the anisotropy parameters of magnetic molecules. 23, 24 One of our goals is to determine to what extent the measurement of the critical current can provide information of the sign or magnitude of such parameters. For simplicity, we focus on the regime where the superconducting gap is much larger than the Kondo temperature, which allows us to focus on weak coupling (small tunneling Hamiltonian) calculations. Also, we restrict the analysis on the simplest case of a molecule spin S = 1 to demonstrate the effect where the two main contributions due to spin anisotropy (easy axis anisotropy and quantum tunneling of magnetization) are present.
The outline of the paper is as follows. In Sec. II, we introduce the model for the magnetic molecule connected to two superconducting leads and we compute the expression of the Josephson current through this molecule. In Sec. III, we study the effect of the anisotropic parameters and of the adjustable experimental parameters on the sign of the critical current. Finally, we conclude in Sec. IV.
II. MODEL
A. Hamiltonian
The total Hamiltonian of the system (see Fig. 1 ) consists of the three termsĤ =Ĥ d +Ĥ s +Ĥ t . The first one is the Hamiltonian of the molecule,
where ǫ d is the electronic level of the molecule implied in the transport, and U is the Coulomb interaction strength. Thed † σ andd σ are electronic creation and annihilation operators on the electronic level in the molecule. Since U is typically much larger than the other energies in the system, we consider the limit of infinite Coulomb interaction U → ∞, thus only one electron is allowed to occupy the dot. With this assumption, the HamiltonianĤ m , which characterizes the magnetic properties of the dot, readŝ where S z is the molecular spin and s z the spin of the electron on the molecule (if present). J is the exchange coupling between molecular and electronic spin, D > 0 is the easy axis anisotropy constant, B 2 is the coefficient of quantum tunneling of magnetization (QTM), and B is the external magnetic field. Figure 2 shows how these terms couple the states of the molecule in the case of a spin S = 1. In order to avoid a too large number of parameters, we have made some simplifying assumptions when writing this Hamiltonian: the anisotropy terms are not affected by the charge of the dot level (this should be the case for systems like M@C 80 , but not for molecules like Mn 12 ), 25 the magnetic field is taken parallel to the spin anisotropy, 26 and higher order terms (−B 2n /2)(Ŝ 2n + +Ŝ 2n − ) are neglected (they are usually small).
The second term corresponds to the superconducting parts, described by the BCS Hamiltonian
where ǫ k = 2 k 2 /2m − E F is the dispersion relation for free electrons,ĉ † ℓ,k,σ andĉ ℓ,k,σ are electronic creation and annihilation operators in the superconductors, ℓ enumerates left (ℓ = L) and right (ℓ = R) leads, ∆ L(R),k = ∆e ±iϕ/2 , with ∆ the superconducting gap and ϕ the superconducting phase difference along the junction.
The last term is the tunnel Hamiltonian between the leads and the moleculê
where t ℓ,k are the tunneling amplitudes. By performing a gauge transformation
iϕ/4 , one can "move" the dependence on ϕ from ∆ ℓ,k to t ℓ,k andĉ ℓ,k,σ in Eqs. (3) and (4). 3 We also perform a Bogoliubov transformation 2 to diagonalize the BCS Hamiltonian, which takes the following form:
and the tunneling Hamiltonian readŝ
whereγ † ℓ,k,σ andγ ℓ,k,σ are the quasiparticle creation and annihilation operators,
are the electron and hole coefficients, and E k = ǫ 2 k + ∆ 2 is the energy dispersion. In the following calculations we will consider for simplicity the case of symmetric contacts, thus t L,k = t R,k = t k .
B. Specific Hamiltonian for the S = 1 case
In the following, we will for simplicity restrict our calculations to the case of a molecular spin with S = 1, which is the smallest value where easy axis anisotropy (parameter D) and QTM (parameter B 2 ) are nontrivial. As the electron occupation of the level is restricted to 0 or 1, let us write explicitly the molecule Hamiltonian in each case [see Eqs. (1) and (2)].
For the empty electronic level, we have H d = H m,0 , and we use the basis {|0 e |1 m , |0 e |0 m , |0 e | − 1 m }, where |0 e represents the empty electronic state and |S z m the states of the molecule with spin projections S z = 1, 0, −1. The matrix elements of H m are
The eigenvalues are noted E 0,i (i = 1, 2, 3), and the corresponding eigenvectors are b i . Below we will use the matrix
, which consists of columns of eigenvectors (first index enumerates columns, the second enumerates rows), and the inverse matrixb ij = (b ij ) −1 . When the electronic level is occupied by one electron, we have H d,1 = H m,1 + ǫ d , and we use the uncoupled spin basis |s e |S z m (with s =↑, ↓ and S z = +1, 0, −1). The matrix representation of H m,1 can then be decomposed as two independent 3 × 3 submatrices: 
C. Josephson current
The Josephson current through the molecule can be calculated using perturbation theory in the tunneling HamiltonianĤ t ;
3 the first nonvanishing term is given by
whereĤ 0 =Ĥ d +Ĥ s . The ground state |gs is the occupied state with lowest energy, thus it has energy E gs = min{E ± 1,i }, and |gs = |a ζ i , where i = 1, 2, 3 specifies the state number and ζ = ± is the block index. Note that the dot-lead coupling induces energy shifts for the occupied states of the dot, starting at order 2 inĤ t . However, we do not need to compute these shifts, as they will be identical for the two single occupied states, and they can be included in the value of ǫ d (see Ref. 28 for a multilevel case where these shifts have to be computed).
As was shown in Ref. 3 , in the absence of coupling to a molecular spin, the perturbative approach allows us to understand the π state due to large Coulomb interaction on the dot: the order of the electrons of a Cooper pair is necessarily reversed during tunneling through the dot, which gives opposite sign for the current due to the singlet nature of the Cooper pair. Here, the exchange coupling between the electron spin and a molecular spin means that the occupied state of the dot is a linear combination of states involving in general both | ↑ and | ↓ states of the electron spin. This creates the possibility of spin-flip processes: a spin-up electron tunneling in the dot can tunnel out as a spin-down electron for example. With such a spin flip, it is now possible for a Cooper pair to tunnel through the dot without reversing the order of electrons, thus contributing to positive current. In the presence of exchange coupling with a molecular spin, one can thus expect that, among all the lowestorder processes contributing to the Josephson current, some of them will contribute to negative current, and some others to positive current. The global sign of the current will thus depend on the relative weight of the different processes, which are a function of the parameters of the molecule Hamiltonian.
Expressing in Eq. (10) the action of the tunneling Hamiltonian on the eigenstates introduced in the previous section, a lengthy but straightforward calculation gives eventually Here
where
Equations (11)- (13) represent the main results of this paper. Because we have performed a lowest-order tunneling calculation, we get a simple I = I c sin ϕ dependence of the current. However, the study of value of the critical current I c (in addition to its sign) will give us precious information on the system. At zero temperature the sums over k and k ′ should be taken over the energy region ǫ k , ǫ k ′ > 0. Both summations over k can be replaced by the integration over energy ǫ:
k → dǫρ(ǫ), where ρ(ǫ) is a density of states.
Our formulas of course contain the known result for the case where there is no molecular spin and no magnetic field (B = B 2 = J = D = 0):
29 we obtain a π-junction with negative critical current,
where we assume constant density of states ρ(ǫ)
, and E 1(2) = ∆ 2 + ǫ 2 1(2) . In the next section we analyze the dependence of the dimensionless critical current i c = I c /|I 
III. RESULTS AND DISCUSSION
For reference, we start by analyzing Eq. (11) as a function of exchange coupling J, when no anisotropy is present (D = B 2 = 0) and without magnetic field (B = 0). As shown in Fig. 3(a) , the current is suppressed both by negative and positive J. For negative J (ferromagnetic coupling) the system always remains in the π state (i c < 0). For positive J (antiferromagnetic coupling) a π-0 transition occurs for J/∆ ∼ 10 (the precise value is slowly varying with ǫ d ). This behavior can be understood by looking at the formula for the current,
where . For large positive J, the first term becomes smaller than the second one, and the sign of the current changes, which explains the π-0 transition. Note that there is no change of ground state associated with this transition occurring for large positive J, hence the critical current shows a smooth change from negative to positive value, passing continuously through arbitrary small values. This is to be contrasted with 0-π transition, which is due to the crossing of energy levels leading to a change of ground state, 6, 30, 31 where an abrupt change of the critical current can be observed (see, e.g., Figs. 4 and 6 in Ref. 28 ).
We will now consider the effect of the anisotropy (D and B 2 ) and of the magnetic field B on the critical current, especially near the π-0 transition. We assume that the superconducting gap is independent of the magnetic field. Figure 5(a) shows the effect of D and B 2 on the transition; the surface shows the values of the parameter for which the current is zero. Above the surface the system is in the π-junction phase (i c < 0), while under the surface the system is in the zero phase (i c > 0). One can see that both D and B 2 move the π-0 transition to higher values of J. This is confirmed by Figs. 5(b) and 5(c), which correspond to cuts of the three-dimensional (3D) plot for fixed values of B 2 and D, respectively. On these panels, the different curves correspond to different values of the magnetic field B: we see that increasing the magnetic field tends to push the system toward the 0-junction phase (note that the results are insensitive to the sign of B). On the 3D plot Fig. 5(a) the effect of the magnetic field B is thus to shift the zero current surface as shown with magenta arrows, and also to somewhat smear the sharp behavior in B 2 as shown with blue arrows. Up to now, we have studied the phase diagram of the system as a function of the exchange coupling J and of the anisotropy parameters D and B 2 . However, for a given molecule, these parameters have usually a fixed value. We will now study the behavior of the critical current when the experimentally adjustable quantities, the external magnetic field B and the dot level ǫ d , are varied. The goal is to understand how the values of the exchange coupling and of the anisotropy parameters will modify the behavior of the current as a function of B and ǫ d . This could be an original way to obtain information on the exchange coupling and on the spin anisotropy in the molecule, by measuring the critical current of the tunnel junction and varying B and ǫ d .
The different panels of Fig. 6 show the behavior of the critical current as a function of B and for various values of the dot level ǫ d , the exchange coupling J and of the anisotropy parameter D (for simplicity, we have taken . This is due to the presence of a (large) critical value Dc above which the system is again in the π-junction phase (not shown).
behavior of the critical current as a function of B, as it can produce a nonmonotonic behavior close to the π-0 transition, and reverse the slope of |i c | as a function of B when J is much larger than the critical value. On the other hand, for negative J (ferromagnetic coupling), the anisotropy does not have a qualitative effect on the critical current, and it merely reduces the value of |i c |.
IV. CONCLUSION
We have computed the Josephson current through a magnetic molecule in the tunneling regime, studying the effect of the exchange coupling with the molecular spin, and the spin anisotropy of the molecule. Performing a perturbative calculation starting from a Hamiltonian model, we have shown that an antiferromagnetic coupling between the electron spin and the molecular spin can induce a π-0 transition. We have described how the spin anisotropy D and the quantum tunneling of magnetization term B 2 affect the transition.
We have shown that by studying the behavior of the critical current as a function of the magnetic field and the level position (which are both experimentally tunable parameters), it is possible to get information on the value of the spin anisotropy D, even outside the range of the π-0 transition.
This work could be extended in several directions. The calculations could be performed for a larger molecular spin (albeit at the cost of heavier expressions). One could also use anisotropy parameters that depend on the charge state of the molecule (and thus on the occupation of the dot in our model), which could describe more faithfully molecular magnets like Mn 12 .
25 One could also consider the case of an external magnetic field aligned along an arbitrary direction (and not along the anisotropy axis of the molecule), in order to describe experiments where it is not possible to control the anisotropy orientation. Such a magnetic field should have a strong impact on the current, as it will mix efficiently all the molecular states.
26
Finally, new possibilities could open up if one considers explicitly the Josephson current between type II superconductors. In this case, it could be possible to con-trol the value of the superconducting gap ∆ with the applied magnetic field. Going to very small ∆ would give large values of J/∆, D/∆, etc., and a very large parameter range of the system, including the π-0 transition for J > 0, could be explored. In the same manner, it is possible to enhance the critical temperature T c and the second critical field H c2 by decreasing the thickness of the superconductor. 32 This could allow us to use large values of the magnetic field.
